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Abstract: This paper presents a comparative study of a hybrid Super-Twisting Sliding Mode Control (STSMC)
combined with Backstepping against a Linear Quadratic Regulator (LQR) for stabilizing a nonlinear pendulum under
parameter uncertainties and external disturbances. The pendulum represents a classic nonlinear system subject to
parameter variations in mass and length, with disturbances included in both torque and velocity. The hybrid
controller integrates the robust disturbance rejection of STSMC with the adaptive stabilization of Backstepping,
augmented by integral action to eliminate steady-state error. In contrast, the LQR relies on a linearized model with
optimal gains. Simulations are conducted in MATLAB and performance is evaluated through overshoot, steady-
state error, and control effort. Results demonstrate that the hybrid controller achieves lower overshoot and negligible
steady-state error compared to LQR, which exhibits persistent oscillations following disturbances.
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1. INTRODUCTION

The control of nonlinear dynamic systems is
pivotal for advancements in robotics,
aerospace, automotive  systems, and
mechatronics. Nonlinear systems, such as
robotic manipulators, quadrotor drones, and
inverted pendulums, exhibit complex dynamics
that challenge traditional linear control methods
[1,2]. The pendulum, a canonical benchmark,
encapsulates nonlinearity through its sinusoidal
gravitational term, compounded by parameter
uncertainties (e.g., mass, length variations) and
external disturbances (e.g., torque pulses,
velocity kicks). These factors, alongside
actuator constraints like torque saturation,
demand robust control strategies for precise
stabilization in applications like robotic arms or
stabilization cranes [3,4].

Sliding Mode Control (SMC) ensures
robustness by enforcing system states onto a
sliding surface, mitigating matched
disturbances [5,6,7]. Super-Twisting Sliding
Mode Control (STSMC) reduces chattering,
enhancing applicability to systems like
pendulums and quadrotors [8,9,10,11]. For
instance, [11] demonstrated STSMC's
effectiveness for UAV attitude control, though it
did not address large uncertainties or
saturation. Backstepping, a Lyapunov-based
method, excels in cascaded systems like the
pendulum by recursively stabilizing subsystems
[12,13,14]. However, it may struggle with
significant disturbances without adaptation [7].

Hybrid  STSMC-Backstepping  controllers
combine robustness and systematic design,
applied to robotic manipulators, but their use in
pendulums under large disturbances remains
limited [15,16,17].

Linear Quadratic Regulators (LQR) optimize
linear models but falter under nonlinearities and
uncertainties [18,19]. Recent studies highlight
SMC's superior disturbance rejection over LQR
in pendulums, yet comprehensive comparisons
with hybrid controllers under saturation and
uncertainties are scarce. Torque saturation's
impact on hybrid controllers is also
understudied [20].

The literature lacks: (1) hybrid STSMC-
Backstepping controllers with integral action for
pendulums under £10% uncertainties and large
disturbances, (2) detailed comparisons with
LQR under these conditions, and (3) analyses
of saturation effects [4,6,17]. This paper
addresses these gaps by proposing a hybrid
controller, comparing it with LQR, and
evaluating torque saturation impacts, offering
insights for robotics and mechatronics.

This study develops a hybrid
STSMC+Backstepping controller with integral
action for a nonlinear pendulum under +10%
uncertainties, a 2 Nm disturbance, and a
velocity kick, compared against LQR. MATLAB
simulations (15 s, 0.01 s step) assess
overshoot, steady-state error, and control effort
under £15 Nm saturation. Contributions include:
(1) a robust hybrid controller design, (2) a
comprehensive LQR comparison, and (3)
saturation analysis, relevant to robotic
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stabilization systems [2]. The paper is
organized as follows: Section 2 formulates the
problem, Section 3 details controllers, Section 4
analyzes stability, Section 5 presents results,
and Section 6 concludes.

2. PROBLEM FORMULATION
The system is a single-link pendulum with mass
m, length L, and gravity g = 9.81 m/s2. The state
vector is X = [Xq, X2]T = [@, @]T, where @ is the
angle from upright and ¢'is angular velocity. The
dynamics, with control torque u and disturbance
d(t), are:

W= a2, 5 = — (2)sinGet) + L+ 49 g
Nominal parameters are Mnom = 1 kg, Lhom =1
m, with £10% variations:
m = mnom(l + 0-16m)x L= Lnom(l +
0.15,)(2)
where dm, 0. € [-1, 1]. The disturbance torque
is:
d(t)= 2Nm for 5 <t <555
0 everywhere else 3)
A velocity kick of +1 rad/s (Hybrid) or +3 rad/s
(LQR) is applied at t = 5 s. The goal is to
stabilize x at [0, O]T, minimizing overshoot,
ensuring zero steady-state error, and bounding
control effort (J|uldt), with torque saturation |u| <
15 Nm.

3. CONTROLLER DESIGN

The paper proposes a hybrid
STSMC+Backstepping controller with integral
action and an LQR baseline for the pendulum in
Eq. (1). The hybrid controller leverages
STSMC's disturbance rejection and
Backstepping's stability, targeting ¢4 = O under
uncertainties, a 2 Nm disturbance, a velocity
kick, and +15 Nm saturation. The LQR uses
linearized dynamics for comparison [18,7].

3.1 Hybrid STSMC+Backstepping Controller

3.1.1 Super-Twisting Sliding Mode Control

The sliding surface used for the STSMC [5,10,7]
is:

s =x*+ Astsmc(xl - (pd) (4)
with @4 = 0, Astsme = 8. Differentiating:

. a(t)
s = = ()sinGe) + 5+ S8+ Ay 2,(5)

L? L?
The control law includes equivalent control:
— LAY
teg = mLZ[(2)siN(x) + Aggomexs  (6)
and robust terms:
.Z.l = Nstsme S.L.gn(s):
7> = —Nstsme Slgn(s + Zl) (7)

with nstsme = 15. Total control is:
Ustsme = ueq +z'+ 22(8)

Parameters are tuned for robustness under 2
Nm disturbances and +10% uncertainties
[9,20]. See Table 1.

Table 1 Pseudocode for STSMC Implementation
Algorithm: STSMC Control
Initialize: z,=0, z,=0, A=8, n=15, dt=0.01
For each time step t:
Compute s = X, + A:Xy
Compute Ueq = mL?[(g/L)sin(X;) + A-X]
Update z; =z, — n-sign(s)-dt
Update z, =z, — n-sign(s+z,)-dt
Output Ustsme =ueq + 24 + 2,

3.1.2 Backstepping with Integral Action
Backstepping uses errors [12,14,2]:

el=x'— @4 & = fo teldr (9)
with @d = 0. Lyapunov function:

Vi = Yeel + Yok, s &7 (10)
with kips = 5. Derivative
Vi = ex; + kypeSey (11)
Virtual control:
a = _klbs el — klbsg (12)
with Ki,bs = 35. Velocny error:
e’?=x-«a (13)
Second Lyapunov function:
V, = Vi + Yee,? (14)
Differentiating:
vz = —kyps ef + ere; + e, [_ (i_)) sin(x,) +
u da(t) .
iz — 4a5)
Control law:
U,y = mL? [(%) sin(x;) + d— e; — kyps ez]
(16)
with kops = 18 [16,3]. Gains balance

convergence and saturation effects.

3.1.3 Hybrid Control Law

The hybrid control is:
U = sat(Uspeme + Ups, —15,15)  (17)
STSMC ensures robustness, Backstepping
guarantees stability, and integral action
eliminates steady-state error [15,4]. See Table
2.
Table 2 Pseudocode for Hybrid Controller
Algorithm: Hybrid STSMC+Backstepping
Initialize: z,=0, z,=0, £€=0, A=8, n=15
k,=35, ki=5, k,=18, dt=0.01
For each time step t:
Compute s = X, + A:Xy
Compute ustsme Using Table 1
Update € = ¢ + e,-dt, where e; = X3
Compute a = —-k;-e; — ki-¢
Compute e, =X, — @, @ = —ky-x, —ki-e;
Compute ubs = mL[(g/L)sin(x4)+a—e1—K, €3]
Output u = sat(Ustsme + Ubs, =15, 15)

3.2 LQR Controller
The LQR uses linearized dynamics:

x = [o1; —f:j:,o]x + |o:——u (18)

MpomLnom
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with cost function:

J = [y " Qurx + uRiu) de (19)
with Qigr = diag(20, 1), Riqr = 1. Control law:

u = —Kjgx (20)
with Kiqr derived using MATLAB's Igr function.
Saturation is applied post-computation.
Controllers are implemented in MATLAB with
ode45, 0.01 s step, 15 s horizon, starting at @,
= 0.11 rad, ¢, = 0. Hybrid controller integrates
Z1, Z3, &; LQR uses fixed gains [17].

4. STABILITY ANALYSIS
Stability is analyzed using Lyapunov theory for
the hybrid controller and eigenvalue analysis for
LQR, ensuring convergence to ¢d = 0 under
uncertainties, disturbances, and saturation
[2,4,3].

4.1 Hybrid STSMC+Backstepping Controller

4.1.1 STSMC Component

For sliding surface Eq. (4):
. _ Ustsme + d(t)
= fT (21)
With Eq. (8):
. _ 71+ zp+d(t)
g =atzrdt)
) mL?
Lyapunov function:
Vstsmc = 2nstsmc|5| + 1/22% + 1/2(5 + 21)2(23)
Derivative:

. 2
Vstsmc < —ny Vstsmc + 09092 V Vstsmc (24)

with nstsme=15 > 2.74, ensuring finite-time
convergence [9,20]. On s = 0, Xz = —AstsmeX,
yielding exponential stability. See Table 3.

(22)

Table 3 STSMC Stability Bounds

Parameter Worst-Case Stability
Condition
|d(t)| disturbance 2Nm n > 2/(mL?)
mL2 0.9x0.92 = n=15>2.74
0.729

4.1.2 Backstepping Component
Errors: e; = X4, £ = Je,dT, €, = X, — a. Lyapunov
function:
Vys = Yoef + Yok s §% + Y2e3(25)
Derivative:
s 2 2, exd(t)

Vps = —kips €f — kpps €3 + L2 (26)
Bounded disturbance ensures ultimate
boundedness for kibs = 35, kops = 18 [3,14,16].
Uncertainties increase bounds by ~12%.

4.1.3 Hybrid Stability

Lyapunov function V = Vstsmc + Vbs ensures
convergence, with saturation maintaining
boundedness [15,4,16]. Robustness is verified
across m, L ranges [17].

5. SIMULATION RESULTS

Simulations were conducted in MATLAB using
ode45 with a 0.01-second time step over 15
seconds, starting at ¢, = 0.111 rad, ¢, = 0. The
pendulum model incorporates +10% variations
in mass and length, a 2 Nm torque disturbance
from 5 to 5.5 seconds, and velocity kicks at t =
5 s (+1 rad/s for hybrid, +3 rad/s for LQR).
Performance is evaluated through overshoot,
steady-state error, total control effort, settling
time, and disturbance rejection time.
Robustness to parameter uncertainties is
assessed via 50 Monte Carlo simulations with
random m € [0.9, 1.1] kg and L € [0.9, 1.1] m.

5.1 Performance Metrics

Table 4 summarizes key metrics for a
representative run. The hybrid
STSMC+Backstepping controller achieves an
overshoot of 0.100 rad/, steady-state error of
~0, and control effort of 8.088 Nm-s, compared
to LQR's 0.245, 0, and 5.780 Nm:-s. Settling
time is 0.2 s for the hybrid controller versus 7.8
s for LQR, reflecting the hybrid's rapid
convergence due to STSMC's finite-time
properties [9]. Disturbance rejection time is 0.0
s for the hybrid versus 1.3 s for LQR,
highlighting superior disturbance mitigation.

Table 4 Controller Performance Metrics

Control | Oversh SS | Effor | Settli | Rejecti
ler oot Err t ng (s) | on(s)
or (Nm-

s)

Hybrid 0.100 0.0 | 8.08 0.2 0.0
01 8

LOR 0.245 0.0 | 578 7.8 1.3
00 0

5.2 Robustness to Parameter Uncertainties

Robustness was evaluated using 50 Monte
Carlo simulations. Table 5 reports mean and
standard deviation of overshoot and steady-
state error. The hybrid controller shows
consistent performance (mean overshoot:
0.100, steady-state error: 0.001), with negligible
variability, indicating robustness to parameter
uncertainties. In contrast, LQR exhibits higher
variability (0.250 + 0.010, 0), reflecting
sensitivity to nonlinearities and uncertainties.
Figure 1 visualizes overshoot variability,
confirming the hybrid's stability across
parameter ranges.

Table 5 Robustness Metrics (Mean + Std. Dev.)

Controller Overshoot SS Error
Hybrid 0.100 + 0.000 0.001 + 0.000
LQR 0.250 + 0.010 0.000 + 0.000

5.3 Angle Response
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Figure 2 shows the hybrid controller stabilizing
the pendulum rapidly with minimal oscillations,
while LQR exhibits prolonged oscillations both
pre- and post-disturbance due to its reliance on
linearization. Figure 3 (4.5-7 s) highlights the
hybrid's smoother response (peak 0.100 vs.
0.245 rad/), with settling and rejection times
marked, underscoring its effectiveness in
handling the velocity kick and torque
disturbance.
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5.4 Control Effort

Figure 4 illustrates the hybrid controller's higher
control effort, often reaching saturation at £15
Nm, compared to LQR's lower effort but
sustained oscillations. The hybrid's aggressive
torque application ensures rapid disturbance
rejection, as evidenced by its zero rejection
time, while LQR's lower effort (5.780 Nm-s)
reflects its conservative response, less effective
under uncertainties [19].

Overshoot Variability Across Parameter Uncertainties
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Fig. 4. Control Effort (0-15 s)

6. CONCLUSION

This study demonstrates the superior
performance of a hybrid Super-Twisting Sliding
Mode Control (STSMC) combined with
Backstepping over a Linear Quadratic
Regulator (LQR) for stabilizing a nonlinear
pendulum under +10% parameter uncertainties,
a 2 Nm torque disturbance, and a velocity kick.
MATLAB simulations reveal that the hybrid
controller achieves a 59% lower overshoot (0.1
vs. 0.245 rad/m) and negligible steady-state
error (0.001), compared to LQR's persistent
oscillations post-disturbance. The trade-off is a
higher control effort (8.088 vs. 5.780 Nm-s),
reflecting the hybrid's robust disturbance
rejection. Lyapunov-based stability analysis
confirms the hybrid controller's robustness,
while LQR's reliance on linearization limits its
effectiveness in nonlinear regimes.

These findings underscore the efficacy of
integrating STSMC's  robustness  with
Backstepping's systematic design and integral
action for nonlinear systems. The study
contributes to robust control design by: (1)
developing a hybrid controller for pendulum
stabilization, (2) providing a detailed
comparison with LQR, and (3) analyzing torque
saturation effects. These insights are valuable
for robotics and mechatronics applications,
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such as robotic manipulators and stabilization
systems. Future work includes experimental
validation on physical pendulum setups,
adaptive gain tuning, and extension to multi-link
pendulums. Exploring sensor noise and
computational delays will enhance practical
implementation.
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