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Abstract: This work proposes a new IIR integer order digital, so a new IIR fractional order integrators. The 
followed method includes two stages. First, the integer order integrator is obtained by interpolating well-known 
integration rulesnamely, Euler, bilinear and Simpsonas a weighted sum. Second the initial value theorem for 
the selection of initial value of the impulse response is used. Lastlythe Steiglitz-Mc-bride signal modeling 
technique is applied to find the parameters of rational approximation models. Numerical examples are 
presented to illustrate the performance of the proposed integrator. It was found that the Euler-bilinear-Simpson 
integrator yields high accuracy than the existing integrators. 
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1. INTRODUCTION 
The device that can be used to calculate the 
times integral of a given signal is named 
integrator. It is very essential in various 
applications such as control systems [1], [2], 
biomedical engineering [3], [4], radar and 
electronic circuits [5], [6], and image 
processing [7], [8] …etc. 
Digital integrator can be either FIR [9], [10], 
[11], [12] or an IIR [13], [14], [15], [16]. Our 
interested type of integrators here is IIR 
ones. They can be obtained directly from the 
well-known rectangular trapezoidal methods 
of numerical integration [9], [10], [17], [18]. 
First and second order integrators were 
constructed by Al-Alaoui using the 
combination between the rules: rectangular, 
and trapezoidal [13], [14], or between 
rectangular, and Simpson [14].  
Fractional order digital differentiator is an 
extended version of integer order 
differentiator which offers better practical 
results in some applications such as 
transmission line model [19], heat conduction 
model [20],[21], … etc. For this raison, 
various design methods of the fractional 
operator Dv (v is a real number) in continuous 
and discrete time domains have been 
explored by many researchers. They are 
power series expansion (PSE) [22], 
continuous fractional expansion (CFE) [23], 
series expansion design using logarithm [24] 
and impulse invariance/signal modeling 
method, [25], [26]…etc. This latter is used 

here to avoid the complexity when a larger 
number of the impulse response samples are 
required or higher order s to z transforms are 
used.   
The method of designing digital integrators or 
differentiators by interpolating two rules 
already exist in literature [13], [14], [27], [28]. 
However, we focus our contribution here on 
the rules which are not used yet. Firstly, we 
combine the Euler [13], bilinear [13] and the 
Simpson [18] rules with a parameter “a”. The 
obtained integer order IIR integrator is used 
in the design of fractional order IIR integrator, 
so we call the initial value theorem for the 
selection of initial value of the impulse 
response, finally we apply Steiglitz-Mc-bride 
signal modeling technique to find the 
parameters of rational approximation models. 
Thereafter, the fractional integral of some 
deterministic signals, such as the sawtooth 
signal can be computed. 
The paper is divided into five sections 
including the introduction and conclusion. 
Section 2 explains the mixed method 
between the Euler, bilinear and Simpson 
rules. The impulse invariance/signal 
modeling method is reviewed briefly in 
section 3. Numerical examples are included 
in the section 4 to illustrate the effectiveness 
of the proposed integrator.  

2. THE PROPOSED METHOD 
Ideal integrator 
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The ideal first-order digital integrator has 
frequencyresponse:  

         
j

D 1)(       (1) 

and repeats with period 2 . 

The ideal integrator has a constant phase 
response of -90°. It is discontinuous at half 
the sampling frequency and approximation of 
such phase is difficult. Thus, the ideal 
integrator used here as a reference is 
supposed to be:    Hd )=e T/2/(j ) [29] to 
overcome this problem of phase discontinuity 
[30], noting that the magnitude response is 
not affected by using this integrator. 

Here, we reminder that the new digital 
integrator is proposed such that its frequency 
response fits Hd ) as well as possible. The 
filter coefficients are obtained by combining 
Euler, bilinear and Simpson integrators as a 
weighted sum. The interpolation of the 
chosen rules is given in the following 
subsections. 

Euler-bilinear-Simpson integrator 

The transfer functions of integrators to be 
mixed which are: Euler, bilinear and Simpson 
integrators are given respectively by: 
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with T representing the samplingperiod. 

The interpolation takes the form: 
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wherea is a real valued parameter defined on 
the closed interval [0 1]. 

Substituting (2), (3) and (4) in equation (5), 
we obtain: 
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The magnitude responses of the ideal, Euler, 
bilinear and Simpson the mixed integrators 
obtained by substituting z=e T in the 

corresponding transfer functions are depicted 
in Fig. 1 for a=0.4.  

 
Fig. 1Magnitude responses of ideal, and 

approximated integrators. 
 
This figure shows clearly that the magnitude 
response of the obtained integrator match 
more closely to the ideal response in a certain 
range, especially at low and in midband 
frequency. The magnitude responses of 
Euler, bilinear and Simpson integrators yield 
better accuracy, only at low frequency. 
The phase response of Euler, bilinear, 
Simpson and hybrid Euler bilinear-Simpson 
integrators together with that of the ideal one 
is shown in Fig. 2. 

 
Fig. 2. Phase responses of ideal,and 

approximated integrators. 
 
Regarding to the phase responses, it can be 
noticed that the Euler phase integrator is 
linear, and that of the mixed integrator is 
almost linear.  
The new hybrid integrator introduced here is 
exploited to compute the fractional order 

integral of deterministic signals in the next 
section. For this, a review of the impulse 
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invariance method is presented in the next 
section. 

3. DESIGN OFRECURSIVE FRACTIONAL 
ORDER INTEGRATOR 

The method used here to design recursive 
fractional order integrator is described in [25]. 
It is based on the impulse invariance 
methodto avoid the complexity when a larger 
number of the impulse response samples are 
required or higher order s to z transforms are 
used.  The two main steps of this method are 
as followed: 

1. Choose the integrator obtained in the 
previous section to select the initial value of 
the impulse response: 

)(lim)0( zHh
z

       (7) 

where H (z) is the transfer function of discrete 
time fractional order integrator which is given 
by: 

s
1

)s(H = (8) 

The numerical integration formulas such as 
Euler )1-z(Tzs1 ,Tustin

))1-z(2()1z(Ts1 + , Al-Alaoui
))1-z(8()7/1z(T7s1 + , was used in 

references [13], [14]. In this paper, the 
derived integrator given in eq. (6) is used 
instead in order to improve the approximation 
accuracy of the existing proposed integrators.  

 

2. Apply the Steiglitz–Mc-bride signal 
modeling technique [26] to find the 
coefficients ai and bi of the rational transfer 
function. 
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Such that this transfer function H(z) best 
approximates H (z) in some sense. 

4. RESULTS AND DISCUSSIONS 

In this section the above procedure was used 
to compute the fractional integral of sawtooth 
signal. The following parametersare 
considered: fractional order  (0 <  < 1), 
sampling period T, degrees of the 
approximating rational transfer function p, q, 

and first L samples of discrete impulse 
response 0,1,2,...n      )(/nT)n(h 1n ==  

[18]. An example is given, it concern sawtooth 
signal. 

Example 

 Choosing the parameter a 

In this example, we will compute the fractional 
integral of 0.4 order of the sawtoothsignal.Its 
fractional integral of order  is given by [31]: 

=
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The parameters used here are: T=0.05, p=5 
q=5, L=1000. 

In order to investigate the effect of parameter 
“a” on the design results, we calculate 
fractional integral of the sawtooth signal, the 
order =0.4and the parameter a= 0.2 to 0.7 
with 0.1 increments. 
The first sample of discrete impulse response 
h (n) is calculated using eq. (7). It is given by: 

(0) = 3
2                 (11) 

The results are set in table 1. 

Table 1.  Values of the first sample of the 
discrete impulse response 

Integrator Euler-
Bilinear-Simpson 
different values of  
parametera 

First Value of  
( ) ( )0h:nh  

a= 0.2 0.0979148362360976 
a= 0.3 0.1151555848912132 
a= 0.4 0.1291994009955633 
a = 0.5 0.1412617250247383 
a= 0.6 0.1519487052336354 
a = 0.7 0.1616127869713694 

 
Once h (0) is calculated, it is easy to calculate 
the other values of the discrete impulse 
response h (n) (using 

1,2,...n      )(/nT)n(h 1n == ). Then the 
coefficients of the rational transfer function 
H(z) ai and  bi are obtained using the 
technique of "Steiglitz-McBride". Finally, these 
coefficients are employed to find the fractional 
integration of our test signal.  
Figure 3 shows the result of the fractional 
integration of the sawtooth signal. 
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Fig. 3. Fractional integral of the sawtoothsignal: 

exact and using Euler-Bilinear-Simpson for a=0.2 
to a=0.7 

It can be seen from Fig. 3, which concern 
fractional integrals of the sawtooth signal that 
the all amplitudes match more closely to the 
exact one. However these amplitudes are 
superposed, in order to differentiate between 
these amplitudes,the curves of error of 
amplitude y-yE exact= are depicted in Fig. 4. 

 

Fig. 4 Error of amplitude 

It can be seen from this figure that the 
proposed fractional integrator based on 
interpolation between Euler, bilinear and 
Simpson integration rules with order  =0.4 in 
the case of the parameter a=0.5yields 
highperformance than the other integrators.  
The coefficients of the rational transfer 
function H(z)aiand bi are summarized in Table 
2. 

 

 
Table 2.Coefficientsai and bi 

 ai  bi 

Mixed 
integrator: 
Euler- 
Bilinear- 
Simpson 
for a=0.5 

1.000000000 
-4.091895344580705 
6.541546199356355 
-5.066192881895555 
1.875380356074513 
-0.2588382923164264 

0.1412617295725612      
- 0.5066208568946221 
0.6792588899405360     - 
0.4057448065868380 
0.09396133188813621 
- 0.00211613289556519 

 Comparison of Euler-bilinear-Simpson 
integrator (a=0.5) with the existing integrators 

We want to calculate the integral of fractional 
order of sawtooth signal. The parameters 
used in this example are as follows:  = 0.4, T 
= 0.05, p = 5, q = 5, L = 1000. The proposed 
integrator used here is the Euler-bilinear-
Simpson for a=0.5,and the comparison of 
results is made with the integrators: Al-Alaoui, 
Euler, bilinear, D. K. Upaddhyay.  
The transfer function of D. K. Upaddhyay 
integrator is given by:  

)1019.0z)(782.0z)(182.0z)(1z(1633.1
)0365.0z)(1014.0z)(295.0z)(8239.0z(T

)z(HUP ++
+++

=

(12) 
The values of the first sample of the discrete 
impulse response are reported in Table 3. 
 

Table 3.values of the first sample of the discrete 
impulse response 

Integrator First Value of  0: hnh  

Al-Alaoui 64682860165889.0
8

7T

 

Euler 27253017088168.0T  

Tustin 63662286525259.0
2
T  

D.K.Upaddhyay 7432332839954031.0
1633.1
T

 

Euler-Bilinear- 
Simpson 3314252689134392.0

2
T5.1  

 
Fractional integrals of the sawtooth signal are 
shown in Fig. 5. 
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Fig. 5. Fractional integral of sawtooth signal 

 
In order to differentiate all these curves, we 
depict the errors of each magnitude in Fig. 6. 

 

 

Fig. 6. Error of magnitude 

As shown in Fig. 6, there exist a close 
resemblance between the exact fractional 
integral of sawtooth signal and calculated 
fractional integral with the proposed method. 
However, the Euler, bilinear, D. K. Upaddhyay 
and Al-Alaoui integrators perform least than 
theEuler-Bilinear-Simpson integrator.

To check the stability of the obtained fractional integrators, we plot the poles and zeros of each 
integrator in Fig. 7. 
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Fig. 7.Pole- zero position of the obtained integrators 
 

 
As it is known, the filter is stable when all of 

the poles are inside the unit circle. From the 
above figure, it’s easy to tell that the filter is 
stable. 

5. CONCLUSION 
This paper is dedicated to the design of 

integer order IIR digital integrator for the 
designing of fractional order integrator. The 
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main idea was to combine three rules: Euler, 
Bilinear, and Simpson integrators with a 
parameter defined between 0 and 1. Then, 
the second objective in this work was to 
employ the obtained integrator for selecting 
the first sample of the impulse response, then 
applying signal modeling technique to find the 
parameters of rational approximation models. 
TheMATLAB simulation results validate 
thatthe effective performance of the proposed 
method over the existing methods which are 
Euler, Al-Alaoui, bilinear and D.K. 
Upaddhyay. Other combinations and their 
applications in edge detection and ECG pre-
processing will be investigated in the future. 
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